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ERGODICITY OF SOME MAPPINGS OF THE
CIRCLE AND THE LINE

BY
J. H. NEUWIRTH

ABSTRACT

If ¢ is inner and has a fixed point in D, then ¢ as a mapping of the circle is
exact. If ¢ has a “fixed” point on T, then the condition (1~ |¢,(0)]) =
implies ¢,, is weak mixing for all m. These results when transferred to the line
by a conformal mapping of the disc onto the upper half plane give a proof of the
total weak mixing for the Boole transformation.

This paper deals with the question of when a mapping of the circle is ergodic
with respect to absolutely continuous measures. The question of strong mixing
and weak mixing is also considered. The class of maps studied are the inner
functions; that is, those ¢ which are analytic in the open unit disc D and
|#(e*)] =1 almost everywhere. We will always mean absolute continuity and
almost everywhere with respect to Lebesgue measure unless otherwise stated.

Ergodicity can be defined with respect to any quasi-invariant measure. We
find a condition on an inner function ¢ which determines its ergodic character
with respect to Lebesgue measure and, therefore, with respect to any absolutely
continuous finite or o-finite measure. When ¢ has a fixed point in the unit disc D
we show ¢ has a Poisson measure as an invariant measure and when ¢ is not
invertible ¢ is exact and , therefore, mixing of all orders. When ¢ does not have
a fixed point in D, a theorem of Denjoy-Wolff [6] says ¢ has an attractive point
on the circle T. In this case the condition found for ergodicity implies total
ergodicity and weak mixing.

By mapping the disc D conformally onto the upper half plan, we can transfer
the ergodic condition on inner functions ¢ to certain mappings of the line. This
then gives a simple proof of the total ergodicity and weak mixing of the Boole
transformation studied by Adler and Weiss [2]. The ergodic theory for certain
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other maps has been considered by Kemperman [8] and Schweiger [10]. Their
results are covered by the theorems in this paper. A more comprehensive study
has been made by Aaronson [1] and many of his results overlap the results in this
paper.

Finally, Adler and Flatto [3] studied C* mappings of the circle. Their methods
are different from those used in this paper; however, their results coincide with
ours when the maps are finite Blaschke products.

We set down some facts about H” spaces that we need and refer to [5] for
more details.

H?” is the class of functions which are analytic in D and such that the integrals
[37|f(re™) [P dt are bounded for r < 1, here 0 < p <. H” is the class of functions
which are analytic and bounded in D. N, the Nevanlinna class, consists of those
functions f which are analytic in D and such that the integrals f57|log||f(re")| dt
are bounded for r < 1. We note that H> C N for all 0 < p = and that if f € H'
then expf € N.

The zeros of functions in N are characterized by the Blaschke condition; a
sequence 2z, € D is the zero set of a function in N if and only if (1 - |z, |) < .

Let ¢ be an inner function. We can think of ¢(z) as a mapping of the circle
onto itself by looking at its radial limits ¢ (e”). If ¢ is not continuous on T the
unit circle, then ¢ is defined almost everywhere. If ¢ is not constant, it cannot
map a set of positive measure onto a set of measure zero. In fact, Borel sets of
positive measure are carried onto analytic sets of positive measure.

Suppose f € H? and ¢ inner. Ryff [9] showed that f(d(e")) = f(¢)(e”) almost
everywhere where the functions in question are radial limits of f composed with
¢. If f € L'(T) and ¢ is inner, then f(¢) has the usual meaning of composition.
But we can give other identifications which we need. Now f = f, + f, where
fi,f-rEHP for 0<p <1 [5]. So fi(¢) and f.(¢) are then the radial limits of
fi(d(re™)) and fo(d(re™)), respectively. So we can think of f(¢p(e”)) as the radial
limit of the harmonic function f(¢(re”)) where f is the harmonic extension of f
to the disc D. So then lim,_, f(¢(re”)) = f(d(e”)) almost everywhere and
f(d) = f(@)+ fud).

Suppose ¢ is an inner function having a fixed point « € D. Then it is not hard
to see that the measure P,dm is invariant under ¢ where P,(t)=
(1-|a[)/[1— ae"|* the Poisson kernel and dm is Lebesgue measure on T.

Let

Sa(z)= z++a

L (@)=5.04°8.().

az

Then ¢.(0)=0 and Lebesgue measure is invariant under .. Furthermore
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ergodicity and mixing of ¢ with respect to P.dm is equivalent to ergodicity and
mixing of ¢, with respect to dm.

We suppose now that ¢ is inner, ¢(0) =0 and ¢(z)= zS(z) where S(z) is a
non-trivial inner function. Then ¢.(2)= ¢(dn(2))= 2z [Ii20 S (¢ (2)).
Schwarz’s lemma implies | ¢, (z)] = | #.-:(z)] and from this and the form of ¢,
we find that lim ¢, (z) =0 for all z € D.

We need a result of this nature when ¢ does not have a fixed point in D. The
result we state is due to Denjoy and Wolff and the version of the theorem stated
is due to Heins [6].

THEOREM 1. Let ¢ be an analytic map of D into itself having no fixed point in
D. Then there is a unique B, |B{=1 such that

(MQ) = Re (ﬁiz_) for all z € D.
B-¢(z) z

We can immediately deduce from the inequality in Theorem 1 along with
Harnack’s theorem that lim ¢, (z) = B for all z € D. And if ¢ is continuous at 3,
then |¢(B)] =1. In what follows we will call the point B of Theorem 1 the
Denjoy-Wolff point of ¢.

The significance of the inequality in the theorem is that it gives us a way to
identify the Denjoy—Wolff point from amongst all other **fixed points’ of ¢ on
T. The inequality implies that lim,_.; {(8 — ¢#(z )/(B — 2)} = v as z approaches 8
in an angle and |y | = 1. In particular, if ¢ has a derivative at B, then ¢'(B) =y
and | @'(B)| = 1. See [4, p. 9] for further details on the Caratheodory derivative.

THEOREM 2. If ¢ is inner with a fixed point o € D, and ¢ is not invertible, then
¢ is exact. That is, if B is the o-ring of all Borel setson Tand E € N ¢ "(B), then
m(E) is zero or one. In particular this shows ¢ is mixing of all orders and thus
ergodic.

Proor. By writing ¢/(z)= S-, ° ¢ ° S. (z) the exactness of ¢ is equivalent to
the exactness of ¢, so we can assume ¢(0)=0. Let E € N ¢ "(B). Then for
every n we can find a set E,, € B so that E = ¢ "(E,). Since Lebesgue measure
is preserved by ¢, we have m (E) = m(E.,) for all n. Letting X and Xg, be the
characteristic function of E and E,, respectively, we find that

[ Xe@P. @t = | Xe(6)P. 0t = [ XerOP a0

for all z €D and all n. Since lim¢,(z)=0, we see that lim P, )(¢t)=1
uniformly on T for all z € D. Thus
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fXE(t)P,(t)dt=m(E)+limf X (O)[Poer(t) — 1]dt

~ m(E)=f X (1)dt.

Therefore Xg(t) is constant almost everywhere and the theorem is proven.

CoroLLARY 1. Suppose ¢ is an inner funtion with a fixed point « € D. Then
P.dm is the unique absolutely continuous invariant probability measure if and only
if there is no integer n =1 so that ¢.(z)=2z for all z € D.

Proor. We consider two cases, ¢ not invertible, and ¢ invertible. If ¢ is not
invertible, we can use Theorem 2. We can assume « =0 and suppose gdm is
invariant under ¢ where g € L'(T). Then we have [ fgdm = [ f(¢.)gdm and,
therefore, lim [ f(#.)gdm = [f [ g for all f € C(T). Therefore, g is constant
almost everywhere. Now suppose ¢ is 1-1. Then ¢(z)=A -{(z + B)/(1+ Bz)}
for some BED and [A|=1. Since ¢(a)=a for some a €ED we have
Y(z)=S8_.°¢°S.(z) = yz for some constant y, |y|=1. Now vy is not an n-th
root of unity if and only if ¢.(z) # z for some z € D. But Lebesgue measure is
the unique absolutely continuous invariant probability measure for ¢(z) if and
only if y is not a root of unity. This says P.dm is the unique absolutely
continuous invariant probability measure for ¢ if and only if there isnon =1
such that ¢,(z)=z for all z € D.

We can transfer results from the circle to the line by a conformal map. That is,
let w = @(z)=i{(1 + 2)/(1 - 2)} be the conformal map of D onto the upper half
plane of C, the complex plane. ® carries T onto R with & '(w)=
(w—i)/(w+i).If ¢ isinneron D, then ¢y = ®o¢p oP7' is inner on the upper half
plane and conversely where we mean that ¢ is an analytic map of the upper half
plane onto itself and sending R into R. ® carries the Poisson measures P.dt on T
to the Cauchy measure Q..dx on the line where

b

_1_ b
Qux)= (x+a)y+b’

w=®(z)=a + ib,
and dx is Lebesgue measure on the line. Furthermore, ® carries dt/(1 —cost) on
T to Lebesgue measure dx on R.

It is clear that if ¢ is ergodic with respect to dt on T, then it is ergodic with
respect to dt /(1 — cos t) and conversely, and then ¢ is ergodic with respect to dx
on R. Similarly ¢ being exact with respect to P.dt on T implies ¢ is exact with
respect to Q.dx on R, and weak mixing is also preserved.

The referee pointed out an error in the statement of Theorem 2 and suggested
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the strengthened statement of Corollary 1. He also pointed out that Theorem 2
transferred to the upper half plane gives a proof of a generalization of a resuit of
Kemperman for meromorphic functions which was announced in [8]. Kemper-
man discusses the function

1 1
= + _ i
g(z)=A+Bz~-> p [z—ch]

where A, B,p, ¢« are real constants such that B =0, p. >0, X p./ci < and ¢
has no finite accumulation point. He assumes that B <1 and [g'(x)|>1 for all
—% < x <. He then states that g has a unique invariant probability measure
equivalent to Lebesgue measure and he conjectures that g is exact and
Bernoulli.

g(z) is inner in the upper half plane and since |g'(x)] > 1 Theorem 1 implies g
must have a fixed point in the upper half plane. Therefore, Theorem 2 implies
exactness. The problem of whether g is Bernoulli will be discussed in another
paper.

We now consider the case when ¢ has no fixed pointsin D. We will show ¢, is
weak mixing for all n, where by weak mixing we mean that there are only trivial
L~ solutions to f(¢)= Af where [A|=1.

We make one final normalization. If 8 € T and is the Denjoy-Wolff point for
&, letting $(z) = B (Bz), we see that ¢ has z =1 as its Denjoy—Wolff point.
Further ¢ is weak mixing if and only if ¢ is.

THEOREM 3. Suppose ¢ is inner and has no fixed points in D. If
(1= | . (0)|)= o then ¢.. is weak mixing for all m = 1.

Proor. First we consider the case A = 1. Suppose there is an f € L™ such that
f(¢)=f Now f=g+h where g,h € H'. Since f is invariant we must have
g(d)=g+c, h(¢)=h —¢, ¢ a constant.

(a) Suppose ¢ =0. Then g(¢(z))=g(z) for all z €D and in particular
g(¢.(0)) = g(0) for all n. The ““Blaschke” condition of the theorem implies g is
constant, similarly so is h and, therefore, so is f.

(b) Suppose ¢ # 0. Then let G(z) = exp{(2mi/c)g(z)}. Since g € H', we have
G €N and g(#.(0)) = G(0). So again the ““Blaschke” condition implies G is
constant and, therefore, so is g. Similarly so is h and, therefore, f is constant.

Now suppose A#1 but [A|=1. We assume there is an f & L~ such that
f(é) = Af. Again as above write f = g + h, g, h € H'. The functional equation for
f implies g(¢$)=Ag + ¢ and a similar functional equation for A. Let b =
c/(x—1) and G(z)=g(z)+b. Then G(¢)= AG. Since ¢ is ergodic, |G| is
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constant almost everywhere, and so G(z)isin H”. If G(a)=0 for some a € D,
then Gé,.(a)=0 for all n = 1. Aaronson [1] showed that if (1 —|¢. (0)]) = o,
then 2(1—|é.(z)|) = for all z € D. This then implies that G is constant and
we are finished. So we can assume G(z)#0 for all z € D. Letting U(z)=
G (2" we see U(z)€ H” and U(¢(z))= U(z). So U is constant and,
therefore, G is and this says ¢ is weak mixing. In order to show ¢, is weak
mixing for all m, we show the “Blaschke’ condition on ¢.(0) implies

A= PmssO))=0 forl=r, 0=s=r-1.

Suppose that (1 = |+ (0)]) < for some r,s5, 0=s =r—1. Let B(z) be the
Blaschke product with {@,..,(0)} as its zeros. Then B(¢(z)) has {¢.n.,-1(0)} as
zeros so that 2(1 — | dp.,-1(0)|) <. By induction then 3(1 = | ¢, (0)]) <= for
0=s=r-1, and, therefore, %(1—|¢.(0)]) <, a contradiction. So this gives
the proof of the theorem.

We make some remarks on the converse to Theorem 3. If (1~ |, (0)]) <
then we can form the Blaschke product

w© -

A,

B(z)= - |1 @z
where a, = ¢, (0).

It is not hard to show that ¢ is not ergodic if and only if thereisaz € D and a
subsequence n, of integers such that lim B(é.,(z))# 0. We have not been able
to show this and we leave it as a problem.

In order to show ¢ is not ergodic it is enough to find an eigenvalue A, [A | <1
and a measurable ‘“‘eigenfunction” f such that f(¢)= Af. By taking absolute
values we can assume f=0 and 0 <A <1. A solution to this equation leads
immediately to one for g(¢)= g as follows. Let

g(t)—sm logf(t) when f(t)#0

=0 when f(1)=0.

Then g is a bounded and measurable non-trivial solution to g(¢) = g, so that ¢
is not ergodic. The existence of an eigenvalue follows in certain cases from the
following theorem which may be found in a paper by Karlin and MacGregor (7,
p. 139].

THEOREM 4. Let ¢ be analytic in a neighborhood of a fixed point 8 with
¢'(B)=1v 0<|y|<1. Let G be a connected domain containing B and such that
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¢(G) C G. Furthermore suppose z € G implies ¢'(z)#0 and ¢.(z)— B. Then
uniformly in a neighborhood of B we have lim(B — ¢.(z))/y" = A(2).

The referee has kindly provided the statement and proof of the following
proposition.

ProposITION 1. Let ¢ be an inner function with Denjoy-Wolff point B € T.
Assume that ¢'(B) = v, |y| <1, and ¢ has an analytic extension around B. Then
¢ is not ergodic. We note ¢'(B) #0 since BE T.

Proor. Since ¢ is analytic in a neighborhood of 8 there is an ¢ >0 and
a <1 such that (1) ¢'(z)#0, 2) |[6(z)-B|=Z=alz -] for [z-B|=¢ and
G ={z:|z — B| = &} satisfies the conditions of Theorem 4. Therefore

M—»A(z) for |z - B|<e.

n

y

Let A={t€T: ¢.(t)— B}. Clearly A is ¢-invariant and {|z —B|<e}NTC
A, and m({|z-B|<e}NT)>0. If ¢ were ergodic, then A =T almost
everywhere. Now A (¢(t))= yA(¢) for t € T. Then by the remarks preceding
Theorem 4 we get a non-trivial solution to f(¢) = f, a contradiction.

In particular, if ¢ is a finite Blaschke product with Denjoy-Wolff point 8 € T,
and |¢'(B)| <1, then the proposition implies ¢ is not ergodic. The condition
|#'(B)] <1 makes the series (1 — | ¢.(0)]) converge geometrically. It seems to
be a reasonable conjecture that the geometric convergence of (1 —|.(0)])
implies ¢ is not ergodic. However, it isn’t hard to give examples of non-ergodic
¢ with

fim L= O1
1= {¢n1(0)]
One is led to ask whether Z(1 —| . (0)]} <« implies non-ergodicity. We leave
this as an open problem. When ¢ has a fixed point « € D, we know P,dm is the

unique absolutely continuous invariant probaiblity measure for ¢. When the
Denjoy-Wolff point is on T, we have

THEOREM 5. If ¢ is inner with Denjoy-Wolff point B € T, then ¢ has no finite
non-trivial absolutely continuous invariant measure.

Proor. By hypothesis lim¢.(z)=8 for all z€D, |B|=1. If g is a
polynomial, we have lim[g(¢.)P.dt =limg(d.(z))=g(B). Therefore,
lim [ g(¢.)hdt = g(B) [ hdt for all g € C(T) and h is in the linear span of
{P., z € D}. But the linear span of the Poisson kernels P,, 2 € D is dense in L?,
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1=p <. Therefore, lim[g(d.)hdt =g(B)[hdt for all g& C(T) and
h € L'(T). Now if du = fdm is a finite invariant measure, we get

Iimf g (. )fdm =f gfdm = g(B) f fdm for all g € C(T).

So du is the mass point at 3, a contradiction.

However ¢ can have o-finite absolutely continuous invariant measures. In
fact if ¢ is inner and ¢(z) = ¢(Z) and z = 1 is the Denjoy—Wolff point of ¢ and
¢'(1) =1, then dt/(1 —cost) is invariant under ¢. See [1] for futher details.

Now if ¢ is ergodic with respect to an invariant absolutely continuous o -finite
measure u, then p is unique up to constant multiples. Since this is probably a
well-known fact about ergodic measures, we just outline a proof.

The problem is reduced to the case where the measure is finite by the induced
transformation of Kakutani. See [2] for details on the induced transformation.
Then an application of the ergodic theorem gives the result.

Adler and Weiss [2] studied the Boole transformation ¢(¢) =t — 1/t on R and
showed dt is invariant under ¢ and ¢ is totally ergodic.

We use Theorem 3 to show, in fact, that ¢, is weak mixing for all n. In fact, let
¢, (t) = A(t — 1/t). Then

2’+a 20 -1

wrie] “herea =i

(z)=D o o D(2) =

When 0 < A <1, then clearly ¢, (z) has a fixed point in the upper half plane so
that ¢, is exact with a finite absolutely continuous invariant measure. If A > 1,
then z =1 is the Denjoy-Wolff point for ¢, and | ¢.(1)| < 1. Therefore, in this
case, ¢, and so ¢, are not ergodic. When A = 1, z = 1 is again the Denjoy-Wolff
point for ¢, and ¢i(1)=1. Now i=®(0) so that ,(i)=Ped,c®'(i)=
®(p.(0)). The condition i o(1-[¢.(0)])=o is equivalent to
SroIm, (i)/(1+ | ¢ (i)?) =« and this is enough to show ¢ is totally weak
mixing.

THEOREM 6 (Adler-Weiss). The mapping y(f)=1t—1/t is totally weak
mixing.

Proor. Let a, = ¢, (i). Then a, = iB,, where B. >0 and lim 8, = «. This is
because z =1 is the Denjoy-Wolff point for ¢ and so « is the Denjoy-Wolft
point for ¢. Now 2B./(1+ B7)=21/B... because B..,= B.+1/B.. But then
27 1/Bc =lim B,., — By = ». So the theorem is proven.

We give one more example. Let ¢ (2) =17 (z + o )/(1 + auz) where the a, are
real. When N is even we have the induced
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2"+ +¢/z

z
7)==t — -
¥(2) o wz"'+bhzV¥+- -+ bz

and when N is odd

N-2

zZ iz +---+c
7)==+ .
¥(2) ®w wzV'+---+b,

Here o = Y (1 — a)/(1 + aw ) = ¢'(1). Since z =1 is a fixed point for ¢, when
w =1, z =1 is the Denjoy-Wolff point for ¢ and z = is the Denjoy-Wolff
point for ¥. When w <1, ¢, and therefore i, are not ergodic. When w =1 we
show ¢ and so ¢ is ergodic. This case was studied in [10] where only ergodicity
was proven. We have when N is even or odd that ¢.(i)=iB. B.>0, and

lim B, = =. Now
.+ 0 (é)
piro(L)

Then 28,/(1+ B7)~Z21/B. = © and so we have total weak mixing.

Bn+l = Bn +
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