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ERGODICITY OF SOME MAPPINGS OF THE 
CIRCLE AND THE LINE 

BY 

J. H. NEUWIRTH 

ABSTRACT 

If th is inner and has a fixed point in D, then q5 as a mapping of the circle is 
exact. If q5 has a "fixed" point on T, then the condition 2(1-1d , , (0) l )  =o0 

implies (kin is weak mixing for all m. These results when transferred to the line 
by a conformal mapping of the disc onto the upper half plane give a proof of the 

total weak mixing for the Boole transformation. 

This paper deals with the question of when a mapping of the circle is ergodic 

with respect to absolutely continuous measures. The question of strong mixing 

and weak mixing is also considered. The class of maps studied are the inner 

functions; that is, those 05 which are analytic in the open unit disc D and 

t d:,(e~')l = 1 almost everywhere. We will always mean absolute continuity and 

almost everywhere with respect to Lebesgue measure unless otherwise stated. 

Ergodicity can be defined with respect to any quasi-invariant measure. We 

find a condition on an inner function 05 which determines its ergodic character 

with respect to Lebesgue measure and, therefore, with respect to any absolutely 

continuous finite or o'-finite measure. When 05 has a fixed point in the unit disc D 

we show 05 has a Poisson measure as an invariant measure and when 05 is not 

invertible 05 is exact and ,  therefore, mixing of all orders. When 05 does not have 

a fixed point in D, a theorem of Denjoy-Wolff  [6] says 05 has an attractive point 

on the circle T. In this case the condition found for ergodicity implies total 

ergodicity and weak mixing. 

By mapping the disc D conformally onto the upper half plan, we can transfer 

the ergodic condition on inner functions 05 to certain mappings of the line. This 

then gives a simple proof of the total ergodicity and weak mixing of the Boole 

transformation studied by Adler and Weiss [2]. The ergodic theory for certain 
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other maps has been considered by Kemperman  [8] and Schweiger [10]. Their  

results are covered by the theorems in this paper. A more comprehensive study 

has been made by Aaronson [1] and many of his results overlap the results in this 

paper.  

Finally, Adler  and Flatto [3] studied C 2 mappings of the circle. Their  methods 

are different from those used in this paper;  however, their results coincide with 

ours when the maps are finite Blaschke products. 

We set down some facts about  H p spaces that we need and refer to [5] for 

more details. 

H p is the class of functions which are analytic in D and such that the integrals 

f~lf(re")lPdt are bounded for r < 1, here 0 < p < ~. H ® is the class of functions 

which are analytic and bounded in D. N, the Nevanlinna class, consists of those 

functions f which are analytic in D and such that the integrals fo~"llogl If(re")ldt 

are bounded for r < 1. We note that H P C_ N for all 0 < p < oo and that if f E H ~ 

then exp f E N. 

The zeros of functions in N are characterized by the Blaschke condition; a 

sequence z, ~ D is the zero set of a function in N if and only if X(1 - I z, I) < ~- 

Let ¢b be an inner function. We can think of ~b(z) as a mapping of the circle 

onto itself by looking at its radial limits ~b(e"). If ~b is not continuous on T the 

unit circle, then 4~ is defined almost everywhere.  If <b is not constant, it cannot 

map a set of positive measure onto a set of measure zero. In fact, Borel sets of 

positive measure are carried onto analytic sets of positive measure.  

Suppose f ~ H p and ¢b inner. Ryff [9] showed that f(<b(e")) = f(ck)(e+') almost 

everywhere where the functions in question are radial limits of f composed with 

~b. If f E L ' ( T )  and ~b is inner, then f(ck) has the usual meaning of composition. 

But we can give other identifications which we need. Now f = f~ + fz where 

f l , f2E H ~ for 0 < p  < 1 [5]. So fl(cb) and f2(~b) are then the radial limits of 

f~(~b(re ")) and f2(q5 (re ")), respectively. So we can think of f(ck(e ")) as the radial 

limit of the harmonic function f(ck(re")) where f is the harmonic extension of f 

to the disc D. So then lim,+lf(ck(re"))=f(~b(e+')) almost everywhere and 

f ( 6 )  = f , ( 6 )  + f2(cb). 
Suppose ~b is an inner function having a fixed point a E D. Then it is not hard 

to see that the measure P,~dm is invariant under ¢b where P ~ ( t ) =  

(1 - l a  J2)/I 1 - ae" r 2 t h e  Poisson kernel and dm is Lebesgue measure on T. 

Let 
z+o~ 

S ° ( z ) = l + a z  , q ,~(z)=S-~o4~oSo(z) .  

Then g,,~(0)= 0 and Lebesgue measure is invariant under ~b,. Fur thermore  
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ergodicity and mixing of ~b with respect to P~dm is equivalent to ergodicity and 

mixing of ~b. with respect to dm. 

We suppose now that ~b is inner, tb(0) = 0 and ¢b(z) = z S ( z )  where S ( z )  is a 

non-trivial inner function. Then cb.(z) = ~b(4~,-,(z))= z [I~-~S(tb~(z)). 

Schwarz's lemma implies I (k, (z)! _---Itb,_l(z)l and from this and the form of ~b, 

we find that lim ~b, ( z ) =  0 for all z E D. 

We need a result of this nature when ¢ does not have a fixed point in D. The 

result we state is due to Den joy and Wolff and the version of the theorem stated 

is due to Heins [6]. 

THEOREM I. Let cb be an analytic map of D into itself having no fixed point in 

D. Then there is a unique/3, I/3t = 1 such that 

R e ( f l f l + ¢ ( z ) ' ~ > R e (  f l + z ]  
- 4 , ( z  ) /  = \ / 3  - z / 

for all z E D. 

We can immediately deduce from the inequality in Theorem 1 along with 

Harnack's  theorem that lim ~b, (z)  =/3 for all z E D. And if tb is continuous at/3, 

then I~b(/3)l = 1. In what follows we will call the point /3 of Theorem 1 the 

Denjoy-Wolff  point of ~b. 

The significance of the inequality in the theorem is that it gives us a way to 

identify the Den joy-Wolff  point from amongst all other "fixed points" of ~b on 

T. The inequality implies that l im~a  {(/3 - 4~ (z))/(/3 - z )} = y as z approaches/3 

in an angle and / Y I =< 1. In particular, if ~b has a derivative at/3, then ¢k'(/3) = Y 

and 14~'(/3)1 -<- 1. See [4, p. 9] for further details on the Caratheodory derivative. 

THEOREM 2. I f  qb is inner with a fixed point a E D, and cb is not invertible, then 

~b is exact. That is, if B is the o'-ring of  all Borel sets on T and E E n ch-"(B ), then 

m (E)  is zero or one. In particular this shows qb is mixing of all orders and thus 

ergodic. 

PROOF. By writing ~b(z) = S_o o 4~ o So (z)  the exactness of 4~ is equivalent to 

the exactness of ~b, so we can assume ~b(0)= 0. Let E E N ~ - " ( B ) .  Then for 

every n we can find a set E ,  E B so that E = ~b-"(E,). Since Lebesgue measure 

is preserved by (b, we have r e ( E ) =  m ( E . )  for all n. Letting XE and XE. be the 

characteristic function of E and E,, respectively, we find that 

f X E ( t ) P , ( t ) d t =  f XE.(cb.)P,(t)dt = f X~.(t)P,.,)(t)dt 
for all z E D  and all n. Since l im~b , ( z )=0 ,  we see that l imP, . (~)( t )= 1 

uniformly on T for all z ~ D. Thus 
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f XE (t)Pz (t)dt = m (E)  + lira f XE,(t)[P,.~z)(t)- 1]dt 

= m (E)  = f XE (t)dt. 

T h e r e f o r e  XE (t) is cons tant  a lmost  eve rywhere  and the t h e o r e m  is proven.  

COROLLARY 1. Suppose 4, is an inner funtion with a fixed point ~ ~ D. Then 

P~dm is the unique absolutely continuous invariant probability measure if and only 

if there is no integer n >= 1 so that 4, ,(z)  = z for all z E D. 

PROOF. We consider  two cases, 4, not invert ible,  and 4' invertible.  If 4, is not 

invert ible,  we can use T h e o r e m  2. We  can assume o~ = 0 and suppose  gdm is 

invar iant  under  4, where  g ~ L~(T). Then  we have  f f gdm = f[ (4 , , )gdm and, 

therefore ,  l imff(4,n)gdm = f f f g  for  all f E C(T) .  There fo re ,  g is cons tant  

a lmost  everywhere .  Now suppose  4, is 1-1. Then  4,(z)  = A • {(z +/3) /(1 +/3z)}  

for  some  / 3 E D  and IAL=I. Since 4 , ( o ~ ) = a  for  s o m e  a ~ D  we have  

tp(z) = S_o 04, oSo (z )  = 3'z for  some  constant  3', 13'1 = 1. Now 3' is not an n- th  

root  of unity if and only if 4,, ( z )  fi z for  some  z E D. But  Lebesgue  measu re  is 

the unique absolutely cont inuous  invar iant  probabi l i ty  measure  for  tO(z) if and 

only if 3' is not a root  of unity. This  says P, dm is the unique absolute ly  

cont inuous  invar iant  probabi l i ty  measu re  for  4, if and only if there  is no n => 1 

such that  4 , . ( z )  = z for all z E D. 

We  can t ransfer  results f rom the circle to the line by a conformal  map.  Tha t  is, 

let w = qb(z) = i{(1 + z)/(1 - z)} be  the conformal  m a p  of D on to  the uppe r  half  

p lane  of C, the complex  plane,  qb carries T on to  R with • ~(w)= 

(w - i)/(w + i). If 4, is inner  on D, then tO = qbo4, o~-~ is inner  on the uppe r  half 

p lane  and converse ly  where  we mean  that tO is an analytic m a p  of the uppe r  half 

p lane  on to  itself and sending R into R. qb carries the Poisson measures  P~dt on T 

to the Cauchy  measu re  O~dx on the line where  

O.(x)- 1 b 
rr (x + a)2 + b ~ ' 

w = ~ ( z ) = a + i b ,  

and dx is Lebesgue  measu re  on the line. Fu r the rmore ,  q~ carries dt/(1 - cos t) on 

T to Lebesgue  measure  dx on R. 

It is clear  that  if 4, is ergodic  with respect  to dt on T, then it is ergodic  with 

respect  to dt/(1 - cos t) and conversely ,  and then tO is ergodic with respect  to dx 

on R. Similarly 4, being exact  with respect  to P~dt on T implies tO is exact  with 

respect  to Owdx on R, and weak mixing is also preserved.  

The  referee  po in ted  out an e r ror  in the s t a t ement  of T h e o r e m  2 and suggested 
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the s t reng thened  s t a t ement  of Corol la ry  1. H e  also poin ted  out that T h e o r e m  2 

t ransfer red  to the uppe r  half p lane gives a p roof  of  a genera l iza t ion of a result of 

K e m p e r m a n  for m e r o m o r p h i c  funct ions which was announced  in [8]. K e m p e r -  

man discusses the function 

[, 
g ( z ) = A  + B z - ~ , p ~  z - c k  

where  A, B,p~, ck are real constants  such that B ~ 0 ,  pk > 0 ,  Y~pk/c~<~ and ck 

has no finite accumula t ion  point.  H e  assumes  that B < 1 and Ig'(x)l > 1 for  all 

- o c  < x < 2. H e  then states that  g has a unique invariant  probabi l i ty  measure  

equivalent  to Lebesgue  measu re  and he conjec tures  that  g is exact and 

Bernoull i .  

g(z) is inner in the uppe r  half p lane  and since tg'(x)t > 1 T h e o r e m  1 implies g 

must have  a fixed point  in the uppe r  half plane.  There fo re ,  T h e o r e m  2 implies 

exactness.  The  p rob l em of whe the r  g is Bernoull i  will be  discussed in ano the r  

paper .  

We  now consider  the case when ch has no fixed points  in D. We  will show 4,, is 

weak mixing for all n, where  by weak  mixing we mean  that  there  are only trivial 

L*  solutions to f ( 4 , ) =  Af where  I A] = 1. 

We make  one  final normal iza t ion.  If /3 ~ T and is the D e n j o y - W o l f f  point  for  

4,, letting 4;(z)  =/3c;b(/3z), we see that  4; has z = 1 as its D e n j o y - W o l f f  point.  

Fur the r  4' is weak  mixing if and only if 4; is. 

THEOREM 3. Suppose 49 is inner and has no fixed points in D. If 
5".(1 - [ 4,, (0) 1) = oc then 4,m is weak mixing for all m >= 1. 

PROOF. First we consider  the case A = 1. Suppose  there  is an f E L ® such that 

]'(4,) = ]'. Now ]' = g +/T where  g, h ~ H 1. Since ]' is invariant  we must have 

g(4 , )=g+c ,  h ( 4 , ) =  h -~ ' ,  c a constant .  

(a) Suppose  c = 0 .  Then  g ( 4 , ( z ) ) =  g(z) for  all z E D and in par t icular  

g(4,,  (0)) = g(0) for all n. The  " B l a s c h k e "  condit ion of the t h e o r e m  implies g is 

constant ,  similarly so is h and,  therefore ,  so is f. 

(b) Suppose  c ¢  0. Then  let G(z)=  exp{(27ri/c)g(z)}. Since g E H i ,  we have  

G E N and g(~b , (0) )=  G(0) .  So again the " B l a s c h k e "  condit ion implies G is 

cons tant  and, therefore ,  so is g. Similarly so is h and, therefore ,  ]. is constant .  

Now suppose  A, 4 1 but fAI = 1. We  assume there  is an ] ' E  L ® such that 

]'(4,) = Af. Again  as above  write ]' = g +/T, g, h (~ H 1. The  funct ional  equat ion  for 

f implies g ( 4 , ) =  Ag + c  and a similar functional  equa t ion  for  h. Let  b - -  

c / ( A - 1 )  and G ( z ) = g ( z ) + b .  Then  G(4~)=  AG. Since ~b is ergodic,  JG I is 



364 J . H .  N E U W I R T H  Israel J. Math. 

constant  a lmost  eve rywhere ,  and so G ( z ) i s  in H ®. If G ( a ) =  0 for  some  a E D, 

then G4~, ( a )  = 0 for all n => 1. Aa ronson  [1] showed that  if E (1 - 14', (0) l) = ~, 

then E(1 - 1 4 , , ( z ) ] )  = ~ for all z E D. This  then implies that  G is cons tant  and 

we are finished. So we can assume G ( z ) / O  for all z E D .  Let t ing U ( z )  = 

G ( z )  2=' 'g", we see U ( z ) E H  ~ and U ( ~ ( z ) ) =  U(z) .  So U is constant  and, 

therefore ,  G is and this says 4' is weak mixing. In o rder  to show 4~,, is weak 

mixing for  all m, we show the " B l a s c h k e "  condit ion on 4', (0) implies 

~;(1 - t 4~ . . . .  (0)1)=oo for 1 =< r, O<=s<-r -1 .  

Suppose  that E ( 1 - [ 4 ,  . . . .  ( 0 ) [ ) < ~  for  some  r,s, 0 - < s  _-<r-  1. Let  B ( z )  be the 

Blaschke  produc t  with {4' . . . .  (0)} as its zeros.  Then  B(ck(z))  has {4' . . . .  _,(0)} as 

zeros  so that  E ( 1 -  14~, . . . .  ,(0)l) < ~.  By induction then E ( 1 -  t4~ . . . .  (0)l) < ~ for 

0 -< s =< r -  1, and,  therefore ,  E ( 1 -  14~,(0)1)< % a contradict ion.  So this gives 

the p roof  of the  theo rem.  

We  m a k e  some  r emarks  on the converse  to T h e o r e m  3. If E(1 -14~, (0 )1)<  

then we can form the Blaschke  produc t  

IZf i--g5 
where  a ,  = 4'- (0). 

It is not hard to show that  ¢b is not ergodic  if and only if there  is a z E D and a 

subsequence  nk of integers such that  lim B(ck ,k(z ) )~  O. We have  not been able 

to show this and we leave it as a p rob lem.  

In o rder  to show ¢b is not ergodic  it is enough to find an e igenvalue  A, I A I < 1 

and a measu rab le  "e igen func t ion"  f such that  lc0b ) = Af. By taking absolu te  

values  we can assume f_-> 0 and 0 < A < 1. A solution to this equat ion  leads 

immedia te ly  to one  for  g(4~) = g as follows. Let  

27'/" 
g( t )  = sin ~ log f ( t )  

IulgA 

= 0  

when f ( t )  ~ 0 

when f ( t )  = O. 

Then  g is a b o u n d e d  and measurab le  non-tr ivial  solution to g(~b) = g, so that  

is not ergodic.  The  exis tence of an e igenvalue  follows in certain cases f rom the 

fol lowing t h e o r e m  which may be  found  in a pape r  by Karl in and M a c G r e g o r  [7, 

p. 1391. 

THEOREM 4. Let 4~ be analytic in a neighborhood of a fixed point [3 with 

4, '(fl ) = y, 0 < l Y I < 1. Let (7 be a connected domain containing [3 and such that 
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4,(G)C_ G. Furthermore suppose z E G implies 4,'(z ) # O and 4,.(z)---)/3. Then 

uniformly in a neighborhood of/3 we have l im( / 3 -  4,,(z ))/y" = A (z ). 

The referee has kindly provided the statement and proof of the following 

proposition. 

PROPOSITION 1. Let 4, be an inner function with Denloy-Wolf f  point/3 ~ .T. 

Assume that 4,'(/3) = y, l Y I < 1, and 4, has an analytic extension around/3. Then 

4, is not ergodic. We note 4,'(/3) # 0 since/3 E T. 

PROOF. Since 4, is analytic in a neighborhood of /3 there is an e > 0  and 

a < l  such that (1) 4 , ' ( z ) ~ 0 ,  (2 )14 , ( z ) - /31<_-c t l z - /31  for [z-/31<-_e and 

G = {z : I z - /31 --< e } satisfies the conditions of Theorem 4. Therefore  

/3 - 4,"(z)---) f o r l z - / 3 1 < e .  
Y 

Let A = {t E T: 4>, (t) ~ / 3  }. Clearly A is 4,-invariant and {[ z - 131 < e } O T _C 

A, and m ( { I z - / 3 [ < e } N T ) > O .  If 4, were ergodic, then A = T  almost 

everywhere. Now A (4,( t ))= yA (t) for t E T. Then by the remarks preceding 

Theorem 4 we get a non-trivial solution to f ( 4 , ) =  f, a contradiction. 

In particular, if 4, is a finite Blaschke product with Denjoy-Wolff  point/3 E T, 

and 14,'(/3)[ < 1, then the proposition implies 4' is not ergodic. The condition 

[4,'(/3)1 < 1 makes the series E(1 - 14,- (0)l) converge geometrically. It seems to 

be a reasonable conjecture that the geometric convergence of E(1- [4 , , (0)1)  

implies 4, is not ergodic. However,  it isn't hard to give examples of non-ergodic 

4, with 

iim 1-14,"(°) l  = 1. 
-t,.+,(o)l 

One is led to ask whether E ( 1 -  I4 , , (0)[)< co implies non-ergodicity. We leave 

this as an open problem. When 4, has a fixed point a E D, we know P~dm is the 

unique absolutely continuous invariant probaiblity measure for 4,. When the 

Denjoy-Wolff  point is on T, we have 

THEOREM 5. If 4, is inner with Denjoy-  Wolff point/3 E T, then 4, has no finite 
non-trivial absolutely continuous invariant measure. 

PROOF. By hypothesis l i m 4 , , ( z ) = / 3  for all z E D, 1/31 = 1. If g is a 

polynomial, we have l imfg(4, . )Pzdt  = l i m g ( 4 , , ( z ) ) =  g(/3). Therefore,  

l imfg(4 , , )hdt  = g( /3 ) fhd t  for all g E C(T)  and h is in the linear span of 

{P~, z ~ D}. But the linear span of the Poisson kernels P,, z E D is dense in L p, 



366 J .H.  NEUWIRTH Israel J. Math. 

l = < p < ~ .  There fo re ,  l i m f g ( c ~ , ) h d t = g ( f l ) f h d t  for  all g E C ( T )  and 

h E L ' ( T ) .  Now if d/z = fdm is a finite invariant  measure ,  we get 

limf f f ,dm f o r a l l g E C ( T ) .  

So d/z is the mass point  at fl, a contradict ion.  

H o w e v e r  b can have  o'-finite absolutely  cont inuous  invar iant  measures .  In 

fact if 4, is inner  and b ( z )  = ~(zT) and z = 1 is the D e n j o y - W o l f f  point  of  b and  

~b'(1) = 1, then d t / ( 1 -  cos t) is invariant  under  ~b. See [1] for  fu ther  details. 

Now if & is ergodic with respect  to an invariant  absolutely  cont inuous  o--finite 

measu re  /~, then /z is unique up to constant  multiples.  Since this is p robab ly  a 

wel l -known fact about  ergodic  measures ,  we just out l ine a proof .  

The  p rob l em is reduced  to the case where  the measu re  is finite by the induced 

t r ans fo rmat ion  of Kakutani .  See [2] for details on the induced t rans format ion .  

Then  an appl icat ion of the ergodic t h e o r e m  gives the result. 

Adle r  and Weiss [2] s tudied the Boole  t r ans fo rmat ion  qJ(t) = t - 1/t on R and 

showed dt is invariant  under  ~ and 4, is totally ergodic.  

We  use T h e o r e m  3 to show, in fact, that ~, is weak mixing for  all n. In fact, let 

qJ~ (t) = h ( t  - 1/t). Then  

z 2 + a  2A - 1  
~b(z )=qb- 'o~b~oqb(Z)=  2+ where  a - - - .  

az 1 2A + 1 

When  0 < h < 1, then clearly ~ ( z )  has a fixed point  in the uppe r  half  p lane  so 

that 4J~ is exact  with a finite absolutely  cont inuous  invar iant  measure .  If h > 1, 

then z = 1 is the D e n j o y - W o l f f  point  for  4~ and [4~(1)[ < 1. There fo re ,  in this 

case, ~b~ and so tp~ are not ergodic.  When  h = 1, z = 1 is again the Den  joy -Wol f f  

point  for  ~b~ and ~ b i ( 1 ) = l .  Now i = q b ( 0 )  so that ~ . ( i ) = q b o ~ , o ~ - ~ ( i )  = 

qb(O. (0)). The  condi t ion ET=0 (1 - 1cb, (0)f) = ~ is equivalent  to 

E~=olmql,(i)/(l+lqj.(i)12)= oo and this is enough to show qJ is totally weak 

mixing. 

THEOREM 6 (Adle r -Weiss ) .  The mapping ~ ( f ) =  t - 1 / t  is totally weak 
mixing. 

PROOF. Let  a ,  = qJ, (i). Then  a ,  = ifl,, w h e r e / 3 ,  > 0 and lim/3. = oo. This  is 

because  z = 1 is the Den  j o y - W o l f f  point  for  ~b and so oo is the D e n j o y - W o l f f  

point  for  qJ. Now ~fl,/(1 +/32)= ~1/[3,+~ because  /3,+1 =/3. + 1//3,. But then 

E7 1//3~ = lim B . + , -  fll = ~.  So the t h e o r e m  is proven.  

We  give one  more  example .  Let  ,;b(z) = IIT(z + ak)/(1 + akz) where  the ak are 

real. When  N is even we have  the induced 
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z 
~ , ( z  ) = - +  

to 

Cl  Z N - 2 " ~ -  " " " "dr C r / Z  

t o Z  N - I  Ji- bIZ N-3 + • " • + b~z 

and when N is odd 

g , ( z ) = Z  + c~z N 2 + . . . + c r  
to t o z N - ' + " ' +  bs " 

Here  to = ET(1 - o~k)/(1 + a~) = gb'(1). Since z = 1 is a fixed point  for q5, when 

to <= 1, z -- 1 is the D e n j o y - W o l f f  point  for d} and z = o0 is the Den joy -Wol f f  

point  for ~. When  w < 1, d~, and therefore  g~, are not ergodic. When  to = 1 we 

show gb and so tp is ergodic.  This case was studied in [10] where only ergodicity 

was proven.  We have when N is even or  odd that ~ . ( i ) =  ifl., 13. > 0 ,  and 

lim 13. = ~. Now 

13°+, = 13. + 13:+1+ O(~)" 
T h e n  ~£fl./(1 + 13:)-~ ~1/13. = oo a n d  so  w e  h a v e  to ta l  w e a k  m i x i n g .  
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